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Abstract

This note provides a completeness result on the compressed modes introduced in
[7, 8]. We prove the fact that for an unbounded Hermitian operator, the sub-eigenspace
of spanned by the first M eigenfunctions can be approximated by first N compressed
modes with improvable accuracy as N increases, for any fixed regularization parameter

L.

1 Introduction

In [7], the authors introduce a novel framework for obtaining spatially localized (“sparse”)
solutions to a class of problems in mathematical physics that can be formulated as varia-
tional problems. The method is to add an L' regularization term in the variational problem,
which penalizes the L' norm of the solution. This yields solutions called the “compressed
modes”. Numerical evidences in [7, 8] show that compressed modes have compact support.
In recent work [1], the author provides some interesting theoretical analysis of compressed
modes. It is shown that as the L' regularization term in the variational problem vanishes,
the compressive modes converge in the L? norm to a unitary transformation of eigenfunc-
tions of the original Hamiltonian. The idea of obtaining sparse solutions by ¢! minimization
can also be found in other work such as [5, 3, 2, 4, 9]. The regularization parameter for
the L! term is used to balance between the consistency with the original problem and the
sparsity of the solution.

In [7] the authors consider the time-independent Schrédinger’s equation for the inde-
pendent particles, where the Hamiltonian is defined as

o —%A—FV(;U), (1)
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which is an unbounded positive-definite Hermitian operator. The variational problem for
the ground state energy of IV particles is proposed as

N
Ey = Ig]ian(gZ)j, Hej) st (b, dn) = . (2)
j=1
The solutions &5 = {¢i}¢]\i1 are a set of orthonormal eigenfunctions corresponding to

eigenvalues {\; }l 1, Where the eigenvalues are arranged in non-decreasing order. Any
unitary transformation of {¢l *, also gives a set of solutions to this variational problem.
In history, in order to obtain locahzed solutions to this problem, people choose the the
solutions to be some unitary transformation of the eigenfunctions, such that the solutions
are “maximally localized”, which are called the localized Wannier functions [10, 6].

Different from this approach, the compressed modes are constructed by solving a new
variational problem

E= man( ;|1 + ¢37H¢j>> st (¥, Yk) = i, (3)

where the minimizers ¥y = {%}N , are called the compressed modes for the variational
problem (2), and |¢;[1 = [, |¢j(z)|dz. The compressed modes {¢;}; are shown to be
more localized than the Wannier functions. But unlike Wannier functions, they cannot be
obtained by a unitary transformation of the eigenfunctions of H. We note that in [1] it
was shown that for fixed N, a unitary transformation of the compressed modes and their
associated eigenvalues converge as p approaches infinity to their limiting values, which are
eigenfunctions and eigenvalues of H. In this paper we answer a different and important
question, namely for fixed p, under some unitary transformation, these compressed modes
can approximate the eigenfunctions in a systematically improved manner as N increases.
This result characterizes the closeness between the space spanned by the compressed modes
and the true eigen space.

The rest of the paper is organized as follows. In Section 2, we formally describe the
main result. In Section 3, we state the key lemmas that would be used in the proof of the
main result, which is given in Section 4. The proofs to the lemmas are put in the appendix.
In the end, we make some concluding remarks.

2 Main result

In general, let H be an unbounded positive-definite Hermitian operator. It is well known
that H has discrete eigenvalues approaching infinity, and the corresponding eigen-functions
can form a set of orthonormal basis in L?(£2), where (2 is the domain in consideration. We
assume that Q is bounded. Denote \; the eigenvalues for H arranged in ascending order,



and ¢; be the corresponding orthonormal eigenfunctions. The first N compressed modes
associated with H refer to the solution to the variational problem (3). We claim the
following result:

Theorem 1. Given any fized parameter u, the first N compressed modes up to an unitary
transformation, denoted by {&1,...,&{N}, satisfies

2NCq
i — il < —————, 4
fori=1,..., N, where Cq is a constant depending only on €.
If the eigenvalues {\;} satisfies
1
lim — = 0, (5)
1—00 A\g
then for fized integer M < N andi=1,..., M,
2NCq
i —&ill2 £ - 6
As a result,
Jim[éi = &ll2 =0 (7)
uniformly fori=1,..., M.
Remark 1. As an example, let H= —%A and ) be a finite interval, then the eigenvalues

satisfy (5), in which the above theorem holds.

3 Some useful lemmas

For the positive-definite unbounded Hermitian operator H , the set of eigenfunctions {¢;}
is an orthonormal basis in L?(2) up to a normalization. Let {t1,...,%x} be a set of
orthonormal functions in L?(f2). In particular, they can be the first N compressed modes.
Then each 1; has an linear expansion

o)
=1

b= ajiti, (8)
i=1

where aj; are the coordinates of v; under the basis {¢;}.
By the orthogonality of v;’s, we have

o0
Za;’iaki =k, (9)
i—1

3



where 4, is the Dirac delta function. A special case is that

o0
D lail? =1, (10)
i=1

forj=1,...,N.
Our first lemma is concerned with the summation of |a;;|? in the first dimension, which
is also given as Lemma 3.1 in [1].

Lemma 1. In the previous notations,

N
> ai? <1, (11)
j=1

fori=1,2,....
Proof. See the appendix. O

In the next lemma, we give an estimate of the error of the approximate energy in (3)
to the true energy given by (2).

Lemma 2. NC
Ey<E<Ey+ —2, (12)
7

where E and Ey are defined in (3) and (2).
Proof. See the appendix. O

Remark 2. In the definition of the variational problem (3), by replacing the L' term by
any functional bounded by L? norm, the energy E still satisfies upper estimate

E < Ey+ CqN/pu, (13)

for some constant Cq depending only on ).
A corollary of this lemma, also shown in [1], is that if u — oo, E — Ey, which shows
the consistency of the variational form (3) with (2).

The more important lemma, as follows, gives an sharper lower bound of E than that
in Lemma 2.

Lemma 3. Let the first N compressed modes be 1, ... ,¢nN. Use the notation in (8) and
denote

N
a; =Y lal, (14)
j=1
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fori=1,2,....
Then we have

N N N 00
Dk Her) =Y A+ Y (1—a)Aver =)+ D aihi = Avg1).  (15)
k=1 =1 i=1 1=N+1

As a consequence, a lower bound for E is given by

N
E>Eo+ Y (1—a)(Ang1 — N (16)
i=1
Proof. Proof by standard calculation. Given in the appendix. 0

4 Proof of the main theorem

By (8), the compressed modes 1; has coordinates {a;; }3°; under the basis {¢;}32,. Under
an unitary transformation U € CV*V_ {4, }é\le are transformed to {¢; }szlv where each &;
has coordinates {b;;}3°; under the basis {¢;};2,. More exactly,

ai bii
ol 2| bai | a7)
ani bwi
fori=1,..., and .
&= budi, (18)
i=1
for j =1,...,N. By QR decomposition, there exists such an U that
buu bz - bin
bar b2 -+ bon
(19)
b];fl bn2 -+ bNN

is upper triangular, that is, bj; = 0 for ¢« < j, and b;; are non-negative real numbers.
Because unitary transformation preserves the length of the vector,

N N
D 1bil? =D lagil® = as. (20)
j=1 j=1



Since {¢;}32, are orthonormal,

o0
> lbiil* = 1.
=1

Because bj; =0 fori < j < N, fori=1,...,N, we rewrite (20) as

i
> 1bil* = ai,
j=1
and for j =1,..., N, (21) becomes
[e.¢]
D lbil* =1.
i=j

Next we show that

|b“‘2 Z Z(lj — (Z — 1).
j=1

fori=1,...,N.
By (22),
i—1
bil® = a; = lbsil*,
j=1

From (23) we know

i1
|bji|> < 1— Z 1bji|*.
K=

Therefore, fori=1,...,N

2 ‘_7;—1 _i—l 2
b > 1 b
| zz‘ = Gy Z Z ‘ Jk|
j=1 k=j
i—1 i—1
= a;— (I —1)+ > ¥ |bjl?
j=1k=j
i—1 k 9
= a;—(i—1)+ ) Z‘b]k|
k=1j=1
i—1
= a—(G—1)+ > a;
' k=1
KA
= > ap—(1—1).

(21)

(22)

(25)



By Lemma 2 and 3, we have an estimate of a; as defined in (14) as

N
> (1—a) (v —N) < Niﬂa (28)
=1

where a; < 1 as proved in Lemma 1. Because {);} are non-decreasing,

i

NCgq
l—ap) < ——7——, 29
kzl( K < PAN+1 — i) (29)
which is combined with (27) to give
NCq
1>a; > |bi]* >1— ——, 30
- i AN+ — Ai) (30)
fori=1,...,N. By our construction, b;; are non-negative real numbers, so
NCgq
1—-b)2<1-0p2. < —— 22 31
S T p(ANs = M) (31
Now we calculate ||¢; — &||3. We note (18) and write
. 2
gy = &11° = {[(bjs — Vobs + D> bjichi (32)
i=1,i%j
Since {¢;}32; are orthonormal,
g = &17 = (b =2+ > |bjil?
) izl,i;éQj
= (bj; —2 1)°+1 ; bj]- (33)
< 1-b54+1—-07;
aNC o
<
= pANy1—Ay)”

From this inequality we can conclude that for a fixed ¢ > 0 and integer M, if eigenvalues
of H satisfy (5), then for j =1,..., M, ||¢; — &;||* converges uniformly to 0 as N — oo.

5 Conclusion

In this short note, we prove a completeness theorem on the compressed modes. As discussed
in Remark 2, the result in Theorem 1 still holds, up to a change in the constant coefficient,
if the L' term is replaced by any functional bounded by L? norm in the variational problem

(3).



By changing the variational formulation (3) to
N
. A 1
EZH\I}IDZ(%,H%%L;\‘I’Nh st (5, %%) = i, (34)
N 7
j=1

where |¥|; denotes the 1-norm of the matrix, we can improve the estimate of ||¢; — &||3
to

2Cq
= Glp < ———, 35
In this case the requirement (5) on the eigenvalues can be relaxed to
lim \; = oo, (36)

1—00

and ||¢; — &|3 converges uniformly to 0 as N goes to infinity, for i = 1,..., M with M
fixed.
A Proof of the lemmas

A.1 Proof of Lemma 1

The proof of this lemma is also given in [1], and here we give a different one. By (9) (the
orthogonality condition), for any € > 0 and fixed N, there exists n > N such that

ail a2 e Aln
a1 a2 e a2n

A, = (37)
ani anz2 --- aNn

satisfies

n
*
E (ljiaki

i=1

< €/N, for j # k. (38)

We now consider an N x N Hermitian matrix B = (1 +¢€)l — A, A%, whose j, k-th entry is

- i ajiazi 1f] 75 k
Bji = =oa : (39)
(Lte) =X lajl* ifj=k
i=1
We note that
N
Bjj>e and Y |Byl<e, (40)
k#j,k=1

8



so B is a diagonal dominant Hermitian matrix with positive diagonal entries, hence it is
positive-definite. Also (1+¢€)l — A} A, is an n X n positive-definite matrix, so its diagonal
entries are all positive real numbers. Therefore, the diagonal entries of A} A, are all less

than 1+ ¢, that is,

N
Z]aﬂ\2<1+eforz’:1,....
j=1

N
Since Y |aji|* is independent of €, we let € — 0 and obtain

J=1

N
Z]aﬂ\leforizl,....
j=1

A.2 Proof of Lemma 2
Let Uy = {wj}évzl be the minimizer of (3), then
N N
B> ;wj,fw > rgvn;@j,ﬁcbﬁ = Ej.
For any v € L%(Q) with |¢| = 1,

1 SR
Q/ledx§2g/\/@|¢| + o=Vl

The equality holds when |¢)| = —= a.e. in Q. Then

Viel

(41)

(42)

(43)

(44)

N A N . N N %)
B = in S (LUl + (05, E00) < min D (w5, Fr05) + 3 1/ = Eo+ VL (a5)
j=1 J=1 J=1



A.3 Proof of Lemma 3
We note (8) and Hoi = N,

N N
E<¢j7Hw]'>

Jj=1
N oo
= > laniP X
k=1i=1
co N
= 2 > lar A
i=1k=1
N 00
= YoaiN+ Y aiN
i=1 i=N-+1
N N 00 00
= Z i + Z(l — ai)()\N A ) + Z(az — 1))\]\[ + Z ai()\i — )\N) + Z AiAN
=1 =1 =1 i=N-+1 i=N+1

I
M=

N 00
i + Z(l — CLZ‘)()\N — /\z) Z ai()\i — )\N) + <Z ai) AN — Ny,

i=N+1 i=1

.
I
N

where a; is defined in (14). Also we note that

[e%S) o~ N N oo
doai=Y > laplP =) laul* =N, (47)
i=1

i=1 j=1 j=1 i=1

where we use the fact (10). Then following (46) we have

N N N %)
S H)) =Y XN+ > (1—a)Av — M)+ Y ai(hi — Ay). (48)
7j=1 =1 =1 i=N+1

Acknowledgement

K.Y. would like to Dr. Jing Qin for her helpful discussions and comments.

References

[1] Farzin Barekat. On the consistency of compressed modes for variational problems.
arXiv preprint arXiv:1510.4552, 2013.

[2] Emmanuel J Candes, Yonina C Eldar, Thomas Strohmer, and Vladislav Voroninski.

Phase retrieval via matrix completion. SIAM Journal on Imaging Sciences, 6(1):199—
225, 2013.

10



3]

[10]

Emmanuel J Candes, Justin Romberg, and Terence Tao. Robust uncertainty prin-
ciples: Exact signal reconstruction from highly incomplete frequency information.
Information Theory, IEEE Transactions on, 52(2):489-509, 2006.

David L Donoho. Compressed sensing. Information Theory, IEEE Transactions on,
52(4):1289-1306, 2006.

David L Donoho and Michael Elad. Optimally sparse representation in general
(nonorthogonal) dictionaries via 1 minimization. Proceedings of the National Academy
of Sciences, 100(5):2197-2202, 2003.

Nicola Marzari and David Vanderbilt. Maximally localized generalized wannier func-
tions for composite energy bands. Physical review B, 56(20):12847, 1997.

Vidvuds Ozolins, Rongjie Lai, Russel Calflisch, and Stanley Osher. Compressed modes
for variational problems in mathematics and physics. Proceedings of the National
Academy of Sciences, 2013. To appear.

Vidvuds Ozolins, Rongjie Lai, Russel Calflisch, and Stanley Osher. Compressed plane
waves—compactly supported multiresolution basis for the laplace operator. Proceedings
of the National Academy of Sciences, 2013. Submitted.

Hayden Schaeffer, Russel Caflisch, Cory D Hauck, and Stanley Osher. Sparse dynamics
for partial differential equations. Proceedings of the National Academy of Sciences,
110(17):6634-6639, 2013.

Gregory H Wannier. The structure of electronic excitation levels in insulating crystals.
Physical Review, 52(3):191, 1937.

11



